Abstract. In this paper we investigate the vibration response of thin elastic FGM plates with combination of transversal and/or in-plane gradation of various material parameters subjected to transient tension loading. The equations of motion and initial-boundary conditions for transient problems are derived within Kirchhoff-Love plate theory. For numerical modelling of plates with dynamic multi-gradation coupling effects, it is developed the strong formulation with using the meshless approximation of field variables by the Moving Least Square (MLS) approximation scheme. Several numerical examples are presented for illustration of the multi-gradation coupling effects in vibration response of elastic FGM plates.
Introduction
Plates are considered as the fundamental structural elements within the civil, mechanical and aerospace engineering. The small aspect ratio of thickness to length justifies to make certain assumptions about the deformation of plates with resulting into conversion of originally 3D elasticity problems into 2D problems with important simplifications in study the response of plate structures to static as well as dynamic loadings [1] [2] [3] .
The design of modern structures often utilizes the benefits offered by composition of two or more materials. Classical laminated composite plate structures suffer from delamination due to the in-plane stress discontinuities on interfaces. This unpleasant effect is eliminated in the FGM composite plates, in which the material properties are varying continuously according to volume contents of particular micro-constituents [4] and there are no interfaces. The functional gradation of material coefficients in FGM composites can be modelled successfully by the rule of mixture [5] in the case of two component micro-composites.
It should be stressed that a correct formulation of the boundary value problems for FGM plates cannot be obtained from the formulation derived for homogeneous plates by simple consideration of spatial variations of material coefficients. It has been shown that the transversal gradation of the Young's modulus and/or mass density yields coupling between the bending and in-plane deformation modes in plates subjected to transversal loading. Moreover, it has been shown [6] that the combined gradation of material coefficients in the transversal and in-plane directions into multi-gradation coupling effects in plates subjected to stationary transversal and/or tension loadings. The main goal of this paper is to study the multi-gradation coupling effects in plates subjected to transient tension loads.
The equations of motion for bending of thin elastic plates within the classical Kirchhoff-Love theory are given by the 4th order partial differential equations (PDE). It is well known that the accuracy of approximations of derivatives of field variables is decreasing with increasing the order of the derivatives. This inconvenience can be overcome by decomposing the original PDE into the system of PDE with lower order of derivatives [7] . Combination of the strong formulation with compactly supported meshless MLS-approximation of spatial variations of field variables [8] results into an efficient computational technique, when the original PDE are converted into the system of the ordinary differential equations (ODE) for nodal unknowns. In this paper, we have employed the standard Wilson -method [9, 10] for numerical solution of the derived ODEs.
Several numerical examples are presented to investigate the vibration response of the FGM plates. The coupling effects are studied for FGM plates under external tension load on the plate's boundary edge (Fig. 1) . 
Equations of motion
Let us consider factorized gradations of material coefficients in the transversal and in-plane directions. Then the derivation of 2D formulation for plate bending problems is possible to be accomplished in closed form. Furthermore, we assume the power-law gradations of the Young's modulus and mass density in both the vertical and horizontal directions:
(1) * ( ) = 1 + ( ) ,
Since the problem is considered within the linear theory, it is appropriate to define the dimensionless coordinates and time variable as:
with , ℎ , being the characteristic in-plane dimension, plate thickness and time interval. The dimensionless field variables in the KLT are introduced as:
where we have omitted the superscript * in coordinates and time variable. Combination of the Hamilton principle with assumptions of the KLT for thin plates results into the set of the equations of motion:
, 
and the explicit expressions for the coefficients
can be found in [11] . To eliminate the high order derivatives of field variables in equations of motion, we decompose the original 4th order PDEs Eq. (5) 
Moving least squares (MLS) approximation technique
The Central Approximation Node (CAN) concept of standard MLS approximation technique yields a compactly supported meshless approximation for spatial variations of field variables, in which is considered as the CAN for the approximation at a point . Then, the number of nodes supporting the approximation at is smaller than the total number of nodes . Without going into details [7, 12, 13] , the MLS-CAN approximation for a field variable ( , ) is given as:
where is the global number of the -th node from the nodal points supporting the approximation at the CAN node, which can be selected as the nearest node to the field point .
The derivatives of the field variable ( ) can be approximated in a standard way by differentiating the approximation Eq. (10), i.e.:
Numerical experiments
For numerical tests and study of coupling effects, we considered a thin square plate × with clamped all the edges and constant thickness ℎ = 50 ⁄ , where = 1 m. The plates are either homogeneous or FGM with power-law graded Young's modulus and/or mass density. Poisson's ratio is assumed to be constant = 0.3, while various values of the power-law gradation exponent and levels of gradation are considered. The external shock tension load ̅ * | = ( ) is applied.
In all numerical computations, we have used a uniform distribution of nodal points (16×16 nodes) with being the distance between two neighbour nodes. The other parameters in the MLS-approximation with Gaussian weights have been taken as: radius of the interpolation domain = 3.001 , shape function parameter = , and cubic polynomial basis. The coupling between the bending and in-plane deformation modes is clearly seen in FGM plates (Figs. 2-4) . Finite deflections can be observed in FGM plates subjected to in-plane tension, while in the homogeneous plate no deflection response is observed. It is necessary to note that in the case of pure transversal gradation the deflection response is negligible. On Fig. 3 , there is presented the vibration response of FGM plate with combined transversal gradation of mass density and in-plane gradation of Young's modulus. The response of the plate is similar as in the case of FGM plate with combined transversal and in-plane gradations of Young's modulus. However, due to the increasing value of mass density the frequency of vibration is not increasing so significantly.
The influence of the combination of transversal and in-plane gradation of the mass density on the in-plane displacements and deflections is seen from Fig. 4 . Since the bending stiffness is unchanged, the amplitudes are not affected but the frequency of vibrations is decreasing with increasing level of gradation of the mass density. It can be clearly seen that the transversal gradations of the Young's modulus and mass density result in opposite effects on the frequency of vibrations. 
Conclusions
In this paper, we developed a mathematical formulation for mechanical analysis of elastic FGM plates with multi-gradations of Young's modulus and/or mass density. The in-plane gradation of material coefficients leads to the rather complex PDE with variable coefficients. The proposed combination of the compactly supported meshless approximation with strong formulation and Wilson -method together with decomposition of the high order derivative PDE into the system of lower order PDE yields a computationally efficient method for this class of problems. In the presented numerical simulations, we revealed and discussed a new class of dynamic coupling effects evoked by multiple gradations of material coefficients in FGM plates subjected to in-plane transient tension loading.
